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1 Introduction 

In [17 , Tricerri and Vanhecke gave a complete decomposition of the Rieman- 
nian curvature tensor R of an almost Hermitian manifold (M, J, (-, ■)) into 
irreducible [/(n)-components. These divide naturally into two groups, one 
forming the space /C = K(u(n)) of algebraic curvature tensors for a Kahler 
manifold, and the other, /C -1 , being its orthogonal complement. 

In jU], Falcitelli et al. showed that the components of R in K, 1 - are lin- 
early determined by the covariant derivative V£, where V is the Levi-Civita 
connection and £ is the intrinsic torsion of the (7(n)-structure on M. Gray 
and Hervella ^Oj showed that in general dimensions £ may be split into four 
components £i, • • • , £4 under the action of U(n). By using the minimal U(n)- 
connection V = V + £ of M, Falcitelli et al. display some tables which show 
whether or not the tensors V£j and £j £j contribute to the components of R 
in K. . This provides a unified approach to many of the curvature results 
obtained by Gray jSj. 

The present paper is motivated by the interest in extending the above 
results to special almost Hermitian manifolds. These are defined as al- 
most Hermitian manifolds (M, I, (-, ■)) equipped with a complex volume form 
^ = ip + + it/i-. Equivalently they are manifolds with structure group SU(n). 
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A detailed study of the intrinsic torsion 77 + £ of such manifolds was made 
in ^3], extending results of Chiossi and Salamon Here £ is the intrin- 
sic U(n) -torsion, as above, and 77 is essentially a one-form. There is much 
current interest in S(7(n)-structures, partly as generalisations of Calabi-Yau 
manifolds [TJ [T] and partly because of the role played by torsion connections 
with holonomy SU(n) in string theory [To"! ITTj. 

For SU(n) structures, the algebraic curvature tensors lie in /C(su(n)) and 
are automatically Ricci-flat. Therefore, one may compute the Ricci curva- 
ture Ric, and indeed the *-Ricci curvature Ric*, in terms of the intrinsic 
SU"(n)-torsion 77 + £. This enables us to find information about those SU(n)- 
components of the Riemannian curvature R which are determined by the 
tensors Ric and Ric*. Some of these components are contained in K, 1 - and 
others are contained in /C. This will allow us, on the one hand, to get more 
concrete information about some components of R contained in JC 1 - and, on 
the other hand, to enlarge the tables of Falcitelli et al. with columns related 
with some components contained in /C. 

In working out these contributions, we arrived at various alternative for- 
mula? for certain curvature components purely in terms of the intrinsic U(n)- 
torsion £. This leads to some entries in the tables that are different from 
those obtained by Falcitelli et al. To try to account for this, we consider the 
identity d 2 = in the exterior algebra. Applying this to the Kahler 2-form uo 
and considering a particular component indeed leads to a non-trivial relation 
between the tensors contributing to the curvature. One may view the rela- 
tion d 2 u> = as one way of taking account of some of the information that 
the Levi-Civita connection V = V — £ is torsion-free. 

The paper is organised as follows. In ^21 we present some preliminary 
material: definitions, results, notation, etc. Then in we derive some for- 
mula? relating curvature and intrinsic torsion. As an immediate application, 
we give an alternative proof of Gray's result [5] that any nearly Kahler man- 
ifold of dimension six which is not Kahler is an Einstein manifold. We then 
proceed to computing the contributions of different components of the intrin- 
sic torsion and its covariant derivative to the Ricci, *-Ricci and Riemannian 
curvatures. Because of the representation theory, this behaves differently in 
dimensions 4 and 6 than in higher dimensions: in dimension 6, £ splits into 
more SI7(3)-components; in dimension 4, the space of curvature tensors is 
decomposed more finely under the action of SU(2). This motivates us to 
display results and tables in two separate sections: £@] for high dimensions, 
2n ^ 8, and §S]for dimensions six and four. Finally, in §Hlwe discuss identities 
derived from the exterior algebra. 

We remark that in this paper we will often use decompositions of tensor 
products without providing explicit details, since such information can be 
readily obtained via available computer programs. 
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2 Preliminaries 

An almost Hermitian manifold is a 2?7,-dimensional manifold M, n > 0, with 
a L r (n)-structure. This means that M is equipped with a Riemannian metric 
(•,•) and an orthogonal almost complex structure I. Each fibre T m M of 
the tangent bundle can be considered as a complex vector space by defining 
ix = Ix. We will write T m Mc when we are regarding T m M as such a space. 

We define a Hermitian scalar product (-, -}c = (•, ■) + ■), where uj is 
the Kahler form given by u(x,y) = (x,Iy). The real tangent bundle TM 
is identified with the cotangent bundle T*M by the map x i— ► (•, x) — x. 
Analogously, the conjugate complex vector space T m M c is identified with 
the dual complex space T^M C by the map x i— > (-,x)c = xc- It follows 
immediately that xq = x + ilx. 

If we consider the spaces A p T^Mc of skew-symmetric complex forms, 
one can check that x c A yc = (x + ilx) A (y + Uy). There are natural 
extensions of the scalar products (-, •) and (-,-)c to A P T^M and A p T^Mc, 
defined respectively by 



■ ,u ip )b c (u h , . . .,U ip ), 

where ex, ... , e2 n is an orthonormal basis for real vectors and u±, . . . , u n is a 
unitary basis for complex vectors. 

The following conventions will be used in this paper. If b is a (0, s)-tensor, 
we write 

I(i)b(Xi, . . . , Xi, . . . , X s ) = —b(Xi, . . . , IXi, . . . , X s ), 
Ib(X u ...,X s ) = (-l) s b(IX u ...,IX s ). 

In ^7] , Tricerri and Vanhecke gave a complete decomposition of the Rie- 
mannian curvature tensor R of an almost Hermitian manifold (M, J, (•,•)) 
into irreducible L r (n)-components. As was indicated above, some of these 
components, constituting a L r (n)-space denoted by /C = /C(u(n)), are the 



^ 2n 

b) = - V a(e h ,... 



ii,...,j p =l 
n 



(ac,b c )c = ^ Yl 
pi . 



U,...,tp=l 
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only components which can occur when M is a Kahler manifold. In this text 
we will follow the notation used in JH] for such components. Likewise, we will 
adopt the formalism used in JE] and [S] for irreducible [/(n)-modules. Thus, 
for n ^ 2, 

K = C3 + fC\ + /C2, 

where C 3 = [ctq' 2 ], /Ci = R, /C 2 — [A ' X ] and + denotes direct sum. We recall 
that Aq' 9 is a complex irreducible (7(n)-module coming from the (p, g)-part 
of the complex exterior algebra and its corresponding dominant weight in 
standard coordinates is given by (1, . . . , 1, 0, . . . , 0, — 1, . . . , —1), where 1 and 
— 1 are repeated p and q times respectively. 

By analogy with the exterior algebra, there are also irreducible U(n)- 
modules ctq' 9 with dominant weights (p, 0, . . . , 0, —q) coming from the sym- 
metric algebra. The notation [Vj means the real vector space underlying a 
complex vector space V and [W] denotes a real vector space which admits W 
as its complexification. 

Moreover, let Ric and Ric* respectively be the Ricci and *-Ricci curva- 
tures which are defined by 

Ric(X, Y) = {R x , e y, e,), Ric*(X, Y) = (R x , ei IY, I*), 

where Rx,y = ^[x,y] ~ [Vx, Vy] and the summation convention is used. 

The components of the curvature R in /Ci and /C2 are determined by the 
trace and the trace-free components of Rich +3 Ric^ respectively (see [T7|). 
where bn indicates the Hermitian part of a bilinear form b, i.e., the part satis- 
fying 6# (/X, IY) = b H (X, Y). Note that Ric^- coincides with the symmetric 
part of Ric*. 

The remaining components of R, not included in /C, are contained in a 
[/(n)-space denoted by /C -1 . For n ^ 4, one has [H] 

/C" 1 = /C_i + /C_2 + C4, + C5 + Cq + C-j + C% , 

where /C_i = R, /C_ 2 S [Aj' 1 ], C 4 = [Af ], C 5 S [/7], C 6 S [A 2,0 ], C 7 S [y], 
and C8 = [c 2,0 ]- The irreducible ?7(ri)-modules U and V have dominant 
weights (2, 2, 0, . . . , 0) and (2, 1, 0, . . . , 0, —1) respectively. For n = 3, the 
decomposition of K, 1 - is formed by the same summands but omitting C 4 . 
Finally, when n = 2 we have to omit /C_2, C4 and C7. 

We are dealing with G-structures where G is a subgroup of the linear 
group GL(m, M). If M possesses a G-structure, then there always exists a 
G-connection defined on M. Moreover, if (M m , (■,■)) is an orientable Tri- 
dimensional Riemannian manifold and G a closed and connected subgroup 
of SO(m) , then there exists a unique metric G-connection V such that £ x = 
Va; — V x takes its values in q ± , where denotes the orthogonal complement 
in so (to) of the Lie algebra g of G and V is the Levi-Civita connection [rp^ lo]. 
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The tensor £ is the intrinsic torsion of the G-structure and V is called the 
minimal G-connection. 

For I7(n)-structures, the minimal (7(n)-connection is given by V = V + £, 
with 



see jSJ. Since U(n) stabilises the Kahler form u, it follows that = 0. 
Moreover, the equation £x(IY) + IfaY) = implies Vu = -£u G T*M <g> 
u(n)- 1 -. Thus, one can identify the (7(n)-components of £ with the U(n)- 
components of Vcu: 

(i) if n = 1, £ e T*M ® u(l) 1 - = {0}; 

(ii) if n = 2, £ e T*M ® u(2) x = W 2 + W 4 ; 

(iii) if n ^ 3, £ € T*M ® u(n) ± = Wi + W 2 + W 3 + W 4 . 

Here the summands Wj are the irreducible [/(n)-modules given by Gray and 
Hervella in PU, so Wi [A 3,0 ], W 2 [A], W 3 = [A 2 / 1 ] and W 4 = [A 1,0 ], 
where A C A 1 ' £g> A 2 ' is the irreducible l/(n)-module with dominant weight 
(2, 1, 0, . . . , 0). In the following, £j will denote the component in Wi of the 
torsion tensor £. 

In jO], Falcitelli et al. proved that the components of R in JC X are lin- 
early determined by the covariant derivative V£ with respect to the Levi- 
Civita connection V. To prove this result, they consider the space TZ = 
K, + K, 1 - of curvature tensors, we recall that TZ is the kernel of the mapping 
O 2 (A 2 T^M) — > A 4 T^M defined by wedging two-forms together. Then they 
deduce that the orthogonal projection tt 1 - = (ir 2 o tti) \n' TZ — > ^ L can be 
expressed as the restriction to TZ of the composition map tt 2 o 7Tx, where 
7Ti : A 2 T* m M ® A 2 T^M -> A 2 T^M <g> u(n)- 1 is the orthogonal projection and 
7T 2 : A 2 T^ l M £g> u(n)- 1 — > /C -1 is a certain l/(n)-equivariant homomorphism. 
Since we have the identity P 



with the third and fourth summands in A 2 T^ l M <g> u(n), and 7r 2 is U(n)- 
equivariant, it follows that the components of tt ± (R) in /C -1 are linear func- 
tions of the components of V£. Now, taking the [/(n)-connection V = V + £ 
into account, one obtains 



(2.1) 



UY = -\I {V xI)Y, 



W) = ((VxH)y iz > W) - ((Vy/£) x IZ, W) 
= ((V x O Y Z,W)-((V Y O x Z,W) 

+ 2(£ x £ y Z,W0-2(£ y £ x Z,W> 



(2.2) 



* X (R)(X,Y,Z, 



W) = ((V x 0yZ,W) - ((V Y 0xZ,W) 
+ (^ xY Z,W)-(^ yX Z,W). 
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From this equation and considering the image n 2 o7Ti(i2), Falcitelli et al. give 
some tables which show whether or not the tensors V£; and £i©6j contribute 
to the components of R in JC . 

Here we also consider manifolds equipped with an Sl7(n)-structure. Such 
manifolds are called special almost Hermitian manifolds. They are almost 
Hermitian manifolds (M, /, (•, •)) equipped with a complex volume form ^ = 
ip+ + iip- such that \P)c = 1. Note that I(i)if)+ = '0-- See [13] for details 
and more exhaustive information, or [3*1 IT3*1 "T2"j . 

For a special almost Hermitian 2?7,-manifold M, we have the intrinsic 
torsion + £ G T*M®IRw + T*M(g)u(n) ± = T*M ®su(n) ± and the minimal 
SL r (n)-connection V = V + r\ + £. Since V is metric and rj G T*M ® Ecu, we 
have (Y,r]xZ) = fj(X)u(Y, Z), where r) is a one-form. Hence 

Vx Y = fj(X)IY. 

In (Tlj it is shown that the one-form fj is given by 

-IV = 2^*(*#+ A 0+ + *#- A 0_) - ^Id*u, 

where * is the Hodge star operator and d* the coderivative. This formula 
simplifies for n ^ 3 since then *dil) + /\ip + = *dif)_A7p_, and one sees that nlfj— 
^Id*uo is essentially the coefficient of \& in the (n, l)-part of dty . The other 
part of the intrinsic torsion £ G T*M (8>u(n)- L is still given by equation ([2.1)1 . 

The tensors u>, ip + and ■0_ are stabilised by the S[/(n)-action, and Vu; = 0, 
V?/>+ = and Vip- = 0. Moreover, one can check r/u = and obtain 
Vuj = — G T*M ® u(r2,) ± . In general, the above mentioned (7(n)-spaces 
Wj are also irreducible as S(7(n)-spaces. The only exceptions are W\ and 
W2 when n = 3. In fact, for that case, we have the following decompositions 
into irreducible SU(3)-components, 

Wi = W? + Wr, " = 1,2, 

where the space W+ consists of those tensors a G Wj C T*M®A 2 T*M 

such that the bilinear form r(a), defined by 2r(a)(x, = (x-ivp+iU- 10 ) , is 
symmetric (skew-symmetric) , see [""""[ 0] . The components of the tensor £ in 
Wf and Wj~, z = 1,2, will be denoted by £ 4 + and £~ respectively. Writing 
rj G W5 = T*M, the intrinsic SU(n)-torsion £ + 77 is contained in (T*M <g> 
u(n)- 1 ) + W5. The space W5 is always S(7(n)-irreducible. 

From the equations V0+ = and V0- = 0, we have = —^ + — r)ip+ 
and V0_ = —£0- — r)Tp_. Moreover, for n ^ 2, in [TTj it is shown that 

(23) ^ +) ^6ir 2 '°iA Wl 

r] X tp+ = nr)(X)ip_, T} X ip- = -nr)(X)ip + . 

When considering curvature, note that the module C3 = fC(su(n)) in K 
consists of the algebraic curvature tensors for a metric with holonomy alge- 
bra su(n). 
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3 Some curvature formulae 



For special almost Hermitian 2n-manifolds, results and tables given in [S| are 
still valid with respect to the tensors V£j and © £j. Here V = V — 77 is the 
minimal (7(n)-connection, with V denoting the minimal S(7(n)-connection. 

For S(7(n)-structures, the additional information coming from 77 will allow 
us to compute the components of R in JCi and /C2 in terms of the intrinsic 
torsion n + £. To achieve this, we compute the difference between the Ricci 
and the *-Ricci curvatures. In the first instance we only need the almost 
Hermitian structure. 

Lemma 3.1. Let M be an almost Hermitian 2n-manifold, n ^ 2, with min- 
imal U(n)- connection V = V + £, then 

Ric*(X, Y) - Ric(X, Y) = 2((V e J0xIY, e t ) - 2((V x l0eJY, e,), 

= 2((V e £) x Y,e l )-2((V x OeY,e l ) 
+ 2(^ ei xY,e i )-2(^ xei Y,e i ). 

Proof. It is straightforward to check 

(3.1) Ric*(X,F) -Ric(X,F) = -(R x ^u)(IY,e t ). 
However the so-called Ricci formula [21 p. 26] implies 

(3.2) -{R x>ei u){IY, <*) = a(V 2 ^) x , ei (jy, e,), 

where a: T* M®T* M®A 2 T* M -> A 2 T*M®A 2 T*M is the skewing mapping. 

The required identities follow from equations (|3.1|) and ()3.2|) . taking into 
account Vu = 0. □ 

The components of R in K-\ and /C_2 are determined by the trace and 
the trace-free parts of Ric^ — Ric#. Similarly, the C6-component of R is 
determined by the skew-symmetric (or anti- Hermitian) part Ttic AH of Ric*. 
Moreover, the anti-Hermitian part YIicah of the Ricci curvature, which satis- 
fies RicAi? (/^, IY) = — IHcah(X, Y), determines the component of R in Cg- 
These assertions motivate the expressions contained in the next lemma. 

Lemma 3.2. Let M be an almost Hermitian 2n-manifold, n ^ 2, with min- 
imal U(n)- connection V = V + then 

(3.3) (mc* H -Ric H )(X,Y) = ((V ei 0xY,ei) - ((VxtUY,*) 

+ (& H xY,e i )-(^ xei Y,e i ) 

+ (& H ixIY,e i )-fe Ixet IY,e i ), 
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(3.4) 2 Ric^(X, Y) = ((V e £)xY, e t ) - ((V^yX, *) 

- {(VetthxIY,*) + ((V ei OiYlX,e t ) 
-((VxOe^,e»} + ((VrOe^e,) 
+ ((V IX OeJY, ei ) - ((V IY OeJX,e t ) 

+ (UxetY, 6i> - feyeiX, et) 

~ (^ixeJY, 6i> + (£z rYei IX, ei), 

(3.5) 2Ric AH (^,F) 

= -((V ei O^,ei> + ((VxOe^) - ((Ve.Oy^e,) 

+ ((V Y OeX, ei ) + {(VeAhxIY,*) - ((V/xOe/^,^) 
+ {(V e £) IY IX,e t ) - ((V IY OeJX,e t ) - (^xY, <*) 
+ (^ x eX ei ) - (Z^yX, + (^ Y£t X, et) + (Z^ixIY, *) 
~ (UixeJY, e % ) + {Z^rylX, e { ) - (^ iye JX, e,). 

Proof. This follows directly from Lemma 13.11 together with (^ e . X Y,ei) = 

Up to this point, we have not said anything special about S(7(n)-struc- 
tures. We now give a first result that uses the complex volume form 

Lemma 3.3. Let M be a special almost Hermitian 2n-manifold, n ^ 2, 
with complex volume form \I/ = if) + + zip- and minimal SU(n)- connection 
V = V + + £ = V + rj, then 

(3.6) Ric*(X, Y) = -ndfj(X,IY) - (^,^1^), 

(3.7) Ric(X,Y) = -ndfj(X,IY) - ^yle^ - 2((W ei 0xY, e t ) 

+ 2((V x 0eY, - 2(^ X Y, a) + 2(^ xei Y, <*). 

Proof. Start by noting that {Rx,y^+,^-) = —2 n ~ 2 (RxyIei,ei). Now, by 
the first Bianchi identity, we have 

(3.8) (R x ,y^+,^-) = -2"- 1 Ric* (X,IY). 

On the other hand, using the Ricci formula —Rx Y ^+ = a.(V 2 ip+)(x,Y) an d 
taking V = V + rj + £ into account, we obtain 

-Rx,y^+ = ndf)(X,Y)iP„ + nf)(X)(&^) -nf,(Y)(^-) 

+ y^ (y x (& + ))-x_ s (y Y (W + )). 

Using the inclusions of (|2.3jl . we have (Z x i/j + ,ip-) = 0, (£x*/'-j'0-) = and 
(Yj (Vx(£"0+)) = — (£x(£y'0+); ip-)- This gives the following identity 

(3.9) (R x ,y^+^-) = -n2 n - 1 ^(X,y) - 2™- 1 (£ x e J , £y/ ei >. 
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Using equations (|3.8|) . (|3.9j) and Lemma l3~Tl we obtain the required identities 
for Ric* and Ric. □ 

The following theorem is an immediate consequence of the above Lemma. 

Theorem 3.4. Let M be a special almost Hermitian 2n-manifold, n ^ 2, 
that is Kahler. Then Ric* = Ric and 

(i) if dfj = \uj, for some A G M \ {0}, then the manifold is Einstein, or 

(ii) if the one-form fj is closed, then the manifold is Ricci flat. □ 

In Pj, Gray proved that any nearly Kahler (type Wi) connected six- 
manifold which is not Kahler is Einstein. Here we give an alternative proof. 

Theorem 3.5 (Gray |9J). Let M be a special almost Hermitian connected 
six-manifold of type + Wf + W5 which is not of type W5 . Then M is an 
Einstein manifold such that Ric = 5 Ric* = 5a (•,•), where a = (w 1 f ) 2 + (wf) 2 
with Vcu = wfip + + w^ip-. 

Proof. We already know that a = {wf) 2 + (iff) 2 is a positive constant and 
the one- form f) is closed (see [Tl^ Theorem 3.7]). On the other hand, since 
Vuj = — £cj and Vu = wfip+ + Wii'-i we have 

2(Y, txZ) = w^+(X, Y Z ) - wtMX, Y, Z )- 
Therefore, using 

(X^ + ,Y^ + ) = (Xj^,Y^) = 2(X,Y), 
(Xj,(> + ,Y_n/>-) = -2u)(X,Y), 

we get 

(3.10) (6^,6^) = {e j} facet) fa, £ y e;) = a{X,Y). 

Moreover, since £ G + Wf and V is a (7(3)-connection, the (0, 3)-tensors 
(•,£.•) and (•, (Vx£) ') are skew symmetric [TU]. Thus, from ()3.7|h we get 

Ric(X,Y) = 5(6^,6^) = 5a (X,Y). 

We recall that (Y, £ IX IZ) = -(Y,£ X Z), for £ G Wi, and note that the 
contractions ((VxQ ei Y, e i) an d ({^etOxY, ej) both vanish. In fact, the last 
term is a skew-symmetric two-form and the remaining summands in the 
expression for Ric are symmetric. □ 
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Remark 3.6. Theorem 13.51 can be extended to connected almost Hermitian 
six-manifolds which are nearly Kahler and but not Kahler. In fact, one 
can define a complex volume form on an open neighbourhood U of a point 
where Vu; 7^ by using the (3, 0)-component of this tensor. Then, U is a 
special almost Hermitian six-manifold of type + Wj~ + W5. Therefore, 
Ric = 5Ric* = 5a(-,-) on U. Since the manifold is connected, it follows 
Ric = 5a (■, ■) everywhere. 

The expressions (|3.6|) and (|3.7|) for Ric* and Ric allow us to compute 

3 R,ic* H + Ric# and study the contributions of the intrinsic torsion of the 
SI7(n)-structure to the components of R in /Ci and K-2- 

Lemma 3.7. Let M be a special almost Hermitian 2n-manifold, n ^ 2, with 
minimal SU(n)- connection V = V + 77 + £ = V + 77 ; then 

(3.11) (3Ric^ + Ric^)(X,y) 

= -2ndf,{X,IY) + 2ndfj(IX,Y) - ((V^xY,^) 

- (^ iX Y, ei ) + (i ixe Y,e t ) - (Z^txIY,**) 

+ (^ Ixe JY, ei ) - 2(&e i ,f jy Ie i ) - 2^ Y e i ^ IX Ie t ) . □ 

To end this section, let us note an alternative to equation ()3.4j) is given 
by the following: 

Lemma 3.8. Let M be an almost Hermitian 2n-manifold, n ^ 2, with min- 
imal U(n)- connection V = V + then 

(3.12) Ric* AH (X, Y) = ((V e £) Ie JX, Y) - fc^IX, Y) 

= -{(V ei lOle i X,Y). 

Proof. We have 

-2 Ric*(X, IY) - 2 Ric*(/X, Y) = (R ei ,i e X, Y) - (R ei , Ie JX, IY) 

= A(V e ^ Iei X,Y)-A(^V ei X,Y) 
-M^ Hle X,Y)+4(^ Iet X,Y) 

from which the Lemma follows. □ 

4 High dimensions 

In this section, we consider special almost Hermitian manifolds of dimension 
higher than or equal to eight. For such manifolds, the decomposition into 
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SU(n)-irreducible modules of the space of curvature tensors 1Z is the same 
as that coming from the action of U(n). Thus, 

n = jc + jc x = c 3 + /Ci + /c 2 + /C-i + /c_ 2 + c 4 + c 5 + c 6 + c 7 + c 8 , 

where all /Q and Cj are also SU(n)-irreducible spaces. Our aim here is to see 
whether or not different components of the intrinsic torsion of the Sub- 
structure contribute to the components of the curvature. 

We start by studying such contributions to the SU(n)-components of the 
Ricci and *-Ricci curvatures. For n ^ 3, the spaces Ric and Ric* of such 
tensors admit the following decompositions into SU(n)-irreducible modules 

Hie = R(-, ■) + [Aq 1 ] + [a 2 ' ], Ric* = K(-, ■) + [Aj 1 ] + [A 2,0 ]. 

Taking into account the symmetry properties and types of the Gray- 
Hervella's components £j of £, we obtain the following result. 

Theorem 4.1. Let M be a special almost Hermitian 2n-manifold, 2n ^ 8, 
with minimal SU(n)- connection V = V + ?7 + ^ = V + ?7. The tensors dfj, 
V£ and^Q^j contribute to the components of the * -Ricci curvature Ric* via 
equation ()3.6|) and to the Ricci curvature Ric via equation (|3.7|) «/ and only 
if there is a tick in the corresponding place in Table \JH\ □ 

Using in addition (^ xe Y, e*) = — {£,xei,£,eY) we get part (i) of the fol- 
lowing theorem. Part (ii) is proved in j^J. 

Theorem 4.2. Let M be a special almost Hermitian In-manifold, 2n is 8 ; 
wit/i minimal SU(n)- connection V = V + ?7 + £ = V + n ; t/ien 

(i) Using equations ()3.3|L f)3.4jl . f)3.5jl and ()3.11|) . eacn of the tensors 
77^ and £3 contributes to the components of R in K\, JC 2 , 
/C_2; ^6 and C§ &/ and only if there is a tick in the corresponding place 
in Table \J!% 

(ii) Taking the image n 2 o tti(R) into account, where 7Tx(R) is given by 
equation (|2.2j) . each of the tensors V£«, rj£i and & £j contributes to 
the components of R in C4, C5 and C7 if and only if there is a tick in 
the corresponding place in Table \J!% □ 

For part (i), we wish to emphasise that the columns for /C_i, K.-2, Cq and 
C$ are obtained by a different method to that in [Hj and that for Cq this even 
leads to a different result. In particular, we claim that the tensors V^3 and 
^3 0^4 do not contribute to the Cg-component of R, but that V£i and rj^t do. 
Thus the contributions of the different tensors to the distinct components 
of R depend on the choice of the current expression that we use; different 
expressions may lead to different behaviour in the contributions. For the 
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Table 4.1: Ricci curvatures, 2n ^ 8 



(^-component of i?, we get a third formula from equation (|3.12j) . which we 
also list in Table 14.21 A partial explanation for these different results will 
be given in §HI Note that the entries for Cq in Table 14.21 only involve the 
intrinsic [/(n)-torsion. The [A 2 '°]-column of Table 14.11 provides yet another 
description of the C 6 -component using the SU(n)-structure. 

5 Low dimensions 

In this section we consider in turn special almost Hermitian manifolds of 
dimension six and four. 

5.1 Six dimensions 

The decomposition of the space of curvature tensors TZ into irreducible SU(3)- 
modules has the same subspaces as that for (7(3). Thus, 

TZ = K, + JC X = C 3 + £i + K, 2 + K.-i + £_ 2 + C 5 + C 6 + C 7 + C 8 , 

with Ki and Cj all Sf/(3)-irreducible. As we noted above, the summand C 4 
is absent in this dimension. On the other hand, the (7(3)-intrinsic torsion 
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* absent when 2ri = 8 



Table 4.2: Curvature complementary to C 3 = /C(su(n)), 2n ^ 8. 

splits under SU(3) as £ = + £f + 6 + + £2" + 6 + 6, where & = & + £r, 
i = 1,2. This was briefly described in ^21 and more detailed information is 
contained in jl] and [T4*] . 

The next result concerns the contributions of the components of £ to the 
components of the Ricci and the *-Ricci curvatures and then to the curvature 
components complementary to C3. 

Theorem 5.1. Let M be a special almost Hermitian Q-manifold with SU(3)- 
connection V = V + + £ = V + rj. The tensors dfj, V£, nC, and C,®"&, for 
C, i9 = £2" > £sTj 6) 6 contribute the components o/Ric* and Ric if and 

only if there is a tick in the corresponding place in Table \5~T\ 

The corresponding contributions to the curvature components K\, K2, 
/C_i, /C_2, Cq and C%, via equations ()3.3|) . (|3.4|) . ()3.5|) and ()3.11|) . and to 
£ae components C$ and Cj via 712 7i"i(-R) |^ are given in Table \5~^. □ 

5.2 Four dimensions 

The U(2)-decomposition of the space of curvature tensors 1Z is given by 

n = jc + /c 1 = c 3 + /Ci + /c 2 + /C-i + c 5 + c 6 + c 8 . 
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Table 5.1: Ricci curvatures, 2n = 6 



When we consider the SU(2) action, only the modules C 3 , K\, K. 2 and /C_i 
remain irreducible. To describe the decompositions of C 5 and C 6 into SU(2)- 
irreducible modules, we will make use of tensors defined by 

x(a, b) = 6 a Q f> — a Ab, 

for all a, b G A 2 T*M, where © denotes the symmetric product given by 
2aQb = a®b J r b®a. The relevant decompositions are now given by 

(i) C 5 = C++ + C 5 — + C+-, where C++ = ^+), = R%(V>-, V-) 
andC+- = Rx(^+,V-), 

(ii) C 6 = C+ + Cg", where C+ = u>) and Cq = Rx(V>-, u). 
For the intrinsic torsion, the (7(2)-decomposition of £ is given by 

£ = & + & e W = W 2 + W4. 

Under S(7(2), we have W2 — W4 = T*M, which we will see gives rise to 
different choices of decompositions of £. 
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Table 5.2: Curvature complementary to C3 = /C(su(n)), 2n = 6 



For an SC7(2)-structure, we have VuGW= T*M V+ + T 1 *^ 
Consequently, Vcj = -0+ + £_ where and £_ are one-forms. 
Moreover, 

2(y, i x z) = z) + £_pO^+(y, z), 

so £ = £ + + where 

2(Y, (£ + ) x Z) = -£ + (A>_(Y, Z), 2(Y, (£_) X Z) = ^(1)^(7, Z). 
The two decompositions of £ are related as follows: 

(i) f e W 2 if and only if = 

(ii) £ G W 4 if and only if = 

The following theorem gives information about the contributions of the 
components of the intrinsic torsion to the tensors Ric* and Ric. We first note 
that in dimension four, Ric* decomposes under SU(2) as 

Ric* = R(-, •) + [Aq' 1 ] + Rip+ + Rip-. 
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Table 5.3: Ricci curvatures, 2n = 4 



Theorem 5.2. Let M be a special almost Hermitian A-manifold with minimal 
SU (2) -connection V = V + + £ = V + n. The curvature contributions 
corresponding to Theorems \4-l\ and via the decompositions £ = 6 + 6 
and £ = 6- + 6- are given in Tables UhUi and \5.4\ 

Proof. The absence of /C_2 in the decomposition of TZ comes from the fact 
that 

(5.1) (Ric* H - Ric H ) (X, Y)=(3 (X, Y), 

where j3 = ((V e ^) ej ej, e*) + (6..< /./• r,). Therefore, by (J3~lf) . we have 

(5.2) (3 Ric^ + Rictf) (X, y) = -/3(X, Y) - Adfj(X, IY) + 4dr)(IX, Y) 

- 2(6^, 6y^) - 2(6^, 6x^). 

Using equations (|5.1|) and (|5.2|) the tables follow. □ 

Remark 5.3. Let us list some direct consequences of results and tables pre- 
sented here and in £0] 

(a) if £ G W3, then the components of R in JC-i, C5 and C6 vanish; 

(b) if £ G W3 + W4 and (i?) is Hermitian, then the components of R in C5 
and C6 vanish; 

(c) if £ G Wi + W2 and rf?) is Hermitian, then the component of R in Cq 
vanishes; and 
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Table 5.4: Curvature complementary to C3 = /C(su(n)), 2n = 4 



(d) if n = 2 and c??y is Hermitian, then the component of i? in Cg vanishes. 

There are more consequences of this sort, but they have been already pointed 
out in p. 

Remark 5.4. For special almost Hermitian 2-manifolds, we have the following 
identity, deduced in [T4] . 

K(ip + ,i/j_) = df)(ip + ,ip-) = dr] + (ijj + ) + dr]_(ilj_) - rjl - r] 2 _, 

where K denotes the sectional curvature and fj = f]+ip- — V-' l l J +- 

6 Identities from the exterior algebra 

As remarked in £0] one may see different contributions to the module Cq = 
[A 2 ' ] by using different computations of the curvature. This is because of 
non-trivial identities relating the components of V£* and Such an 
identity for the [A 2 '°]-components may be obtained by comparing equations 
(13. 4j) and (|3.12|) . However, we claim that this information may also be ob- 
tained from the exterior algebra of a U(n) -manifold. 

Consider the Kahler two-form u. Being a differential form it satisfies 
d 2 ui = 0. However, since the Levi-Civita connection V is torsion-free, we 
may compute d 2 u> using V. Writing V = V — £ and using Va> = 0, we have 
first that 

\du(Y, Z, W) = (&Z, IW) + (£ W Y, IZ) + (£ Z W, IY). 
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Now d 2 uj = a(Vdu) - a(£dw), where a: T*M ® A 3 T*M -> A 4 T*M is the 
alternation map. One computes that these two terms are the expressions 
obtained respectively by summing £((Vx^)yZ, M) and e(^ x yZ, iW) over 
all permutations of (X, Y, Z, W), where £ is the sign of the permutation. 
We have that 

A 4 T*M = [A 4,0 ] + [A 3,1 ] + [A 2 '°]u; + [A?' 2 ] + [Aj'V + Mcu 2 , 

so in order to compute the [A 2,0 ]-component of d 2 u we contract with u on the 
first two arguments and then take the projection to [A 2 ' ], which is the (— 1)- 
eigenspace of I acting on 2-forms. Using the symmetries of the components 
of £ one obtains that the [A 2 '°]-component of d 2 u is 

(6.1) = 3((V e &) ei X,Y) - ((V e &) ei X,Y) + (n-2)((V ei U) ei X,Y) 
- ^&^« X > Y ) - ^(^ eiei x,Y) + (^ ei X,Y). 

We conclude that in general dimensions there is a non-trivial linear relation 
between the [A 2 '°]-components of V£ 3 , V£ 4 , 6 © &, Ci © &, 6 © 6, 
^2 0^4 and ^0^4. By 'non-trivial' we mean that no coefficient is zero, so this 
relation may be used to write any of the terms as a linear combination of the 
others. Interestingly, this relation does not involve £i © £4, when 2n = 10. 

This is sufficient to explain the difference between the ticks in the Cq col- 
umn in |H] and those we obtained from equation (|3.4j) . An extra coincidence 
in the coefficients explains the differences between our results from (|3.4j) 
and dSH. 

One may try to apply the above approach to the other modules that 
A 4 T*M has in common with the space of curvature tensors, namely [A 2 ,' 2 ], 
[Ao' 1 ]^ and Ma; 2 . However, this is not so rewarding because of the higher 
multiplicities that these modules have in the relevant decompositions. In- 
deed, C 6 = [A 2 ' ] is distinguished by occurring only with multiplicity one or 
zero in the modules for V£j and <g) £j. 

In jH], it is pointed out that if £ G W4, then the components of R in C 4 , C5, 
Cq and C-j vanish. Let us indicate how equation ()6.1|) gives an alternative proof 
of this result, for n > 2. In fact, using Tables l4~2l and I5"2"l the vanishing of 
the components in C4, C5 and C7 is immediate. On the other hand, equations 
(|3.4j) and (JbMj) give the vanishing of the component in C 6 . 

Finally, a comparison of Tables 14.11 and 14.21 reveals another relation on 
special almost Hermitian manifolds: the [A 2 '°]-part of df] carries all the infor- 
mation from the corresponding components of V£j modulo the [A 2 '°]-parts of 
£1 0^3, £1 0^4, £2 0^3 and £2 ©£4- This relation is obtainable by considering 
the (n, 2)-part of the equation d 2 ^> = 0, where \& is the complex volume, 

cf. pi!. 
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